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Abstract

This study examines the multiplicative problem-solving strategies used by a 14-year-old student with autism spectrum dis-
order and intellectual disabilities during an instructional process based on the Conceptual Model-based Problem Solving
(COMPS) approach. The instruction aimed to enhance conceptual comprehension of problem-solving by the use of model
diagrams representing mathematical relations involved in word problems. These diagrams aid in selecting the appropriate
operation for each type of multiplicative problem, including equal-groups, multiplicative comparison, and combination
problems. We further discuss how the instructional process promoted conceptual understanding for the three problem types,
highlighting the development of strategies (modeling, counting, and operations) and the pivotal role of the COMPS methodol-
ogy components in this progression. The results indicate that the student adeptly adopted the COMPS approach, facilitating
the transition from informal modeling to written operations, with his choice of strategies varying depending on the type of
problem. While there was a higher utilization of modeling strategies in equal-groups and combination problems, modeling
was not as frequently employed in comparison problems. We speculate how this differentiated strategy preference could be

associated with certain characteristics of the disorder.
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1 Introduction

Solving arithmetic word problems is a fundamental math-
ematical competence advocated in the curricula of various
countries (e.g., National Council of Teachers of Mathemat-
ics, 2000; LOMLOE, 2022). For that reason, recent studies
have focused on teaching mathematical problem-solving to
students with moderate and severe disabilities (Bowman
et al., 2019), including those with autism spectrum disorder
(ASD).

ASD is a chronic neurobiological disorder character-
ized by difficulties in social interaction and communication
and a restricted range of interests and behaviours (DSM-
5; American Psychiatric Association, 2013). Although the
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manifestation of these symptoms varies widely among indi-
viduals with ASD, they often exhibit challenges in attention
and executive functioning (Ozonoff & Schetter, 2007), as
well as in language comprehension and theory of mind (e.g.
the individual’s ability to recognize and infer the mental
states of self and others; Baron-Cohen et al., 2000; Wha-
lon & Cox, 2020). The characteristics associated with ASD
often impact mathematical learning (Bullen et al., 2022),
resulting in gaps in learning trajectories and slower progress
compared to other disabilities as students progressed through
grade levels (Fernandez-Cobos & Polo-Blanco, 2024; Wei
et al., 2013).

In this work, we consider verbal arithmetic problems as
situations presented within an academic setting that involve
questions solvable through mathematical operations (Verschaf-
fel et al., 2020). Students with ASD have been noted to demon-
strate poorer problem-solving performance in comparison to
their typically-developing (TD) peers. This has been attributed
to difficulties in domains like language, executive functions
and theory of mind (e.g., Chen et al., 2019; Polo-Blanco et al.,
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2024; Root et al., 2021). Furthermore, previous studies have
delved into the problem-solving strategies employed in arith-
metic word problems, revealing that students with ASD tend
to utilize less efficient approaches compared to their TD peers
(e.g. Bae, 2013; Polo-Blanco et al., 2024). This discrepancy in
strategy use has been associated with difficulties in inhibition,
cognitive flexibility and theory of mind (Polo-Blanco et al.,
2024). On the other hand, students with autism often benefit
from a form of visual thinking, which, as described by Gran-
din (1995), is the ability to think and reason through images
and visual systems. This type of thinking may often manifest
through the use of drawings, which serves as a crucial mode
of expression, especially given challenges in communication
inherent to the disorder (Di Renzo et al., 2017). In the domain
of problem-solving, this has been manifested through the fre-
quent use of drawing-based strategies in students with autism
when solving algebraic tasks (Gofi-Cervera et al., 2022) and
word problems (Gofii-Cervera et al., 2023).

The use of visual representations has also been proposed
as a potent instructional tool for teaching problem solving,
not only in TD students (Rellensmann et al., 2017) but also
in students with learning disabilities (Jitendra et al., 2002)
and those with ASD (Root et al., 2021). Some instructional
methodologies, such as schema-based instruction (SBI;
Jitendra et al., 2002) and the conceptual model problem-
solving approach (COMPS; Xin, 2012), incorporate visual
representations and schemas to further enhance conceptual
comprehension of the problem-solving process. In this work,
we focus on the latter, which has been successfully employed

to improve the arithmetic problem-solving skills of students
with learning difficulties (Xin et al., 2008, 2020) and with
ASD (Garcia-Moya et al., 2022; Polo-Blanco et al., 2022).

In the present paper, we complement the case study pre-
sented in Polo-Blanco et al. (2022) employing a qualitative
methodology to describe and analyze the strategies used by
a student with ASD and intellectual disabilities when solving
multiplicative word problems in the context of a COMPS
approach. Multiplicative problems are those requiring mul-
tiplication or division, which are often categorized into three
groups (see Table 1): (1) equal-groups (EG), (2) multipli-
cative comparison (MC), and (3) Cartesian product (CP)
problems (Nesher, 1992). These specific types of problems
have received limited attention in previous research involv-
ing students with ASD (Polo-Blanco et al., 2019).

We specifically address the following research questions:

1) Which strategies did the student with ASD and intel-
lectual disabilities employ when solving multiplication
problems of the three types (EG, MC, and CP) while
following a COMPS approach

2) What characteristics related to ASD might influence the
above strategies?

3) What elements of the COMPS approach played a role
in improving conceptual understanding across the three
problem types for a student with ASD and intellectual
disabilities, especially in terms of transitioning to more
formal strategies?

Table 1 Types of Multiplicative

Conceptual model diagram Visual representation

Problems, Conceptual Type Sample word problem
Model Diagrams, and Visual
Representations EG I have 4 boxes. If there

are 5 pieces of candy in

each box, how many

(0xO=C2D

pieces of candy do I

have?

MC Luis has 6 pieces of
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2 Theoretical background
2.1 Literature review

Solving arithmetic word problems involves the integration
of various processes that blend procedural and conceptual
knowledge and may pose significant challenges, especially
for students with learning disabilities (Griffin & Jitendra,
2009) and those with ASD (Bullen et al., 2022; Polo-Blanco
et al., 2022). Conceptual knowledge involves understand-
ing interconnected facts and properties, while procedural
knowledge encompasses familiarity with written symbols
and the set of rules and algorithms employed for solving
mathematical problems (Hiebert, 1986). Part of conceptual
understanding in problem-solving involves aspects related
to comprehending the problem statement, forming a mental
representation of the situation, and subsequently connecting
it with the mathematical operations necessary for its resolu-
tion. Procedural knowledge, on the other hand, pertains to
the execution processes of these operations. Although the
sequence in which conceptual understanding or procedural
fluency develops remains uncertain, conceptual understand-
ing may lay the foundation for procedural fluency (Burns
et al., 2015). A student's conceptual understanding expands,
for example, when they acknowledge the interconnection
between two operations, such as addition and subtraction
or multiplication and division. Moreover, this conceptual
knowledge is applied when the student understands how
to use these operations to solve a situation presented in a
problem-solving context (Miller & Hudson, 2007). On the
other hand, a student's problem-solving strategies may be
rooted either in the procedures linked to the problem or a
creative approach derived from a solid conceptual grasp of
the problem at hand (Burns et al., 2015).

2.2 Theoretical framework
2.2.1 Multiplicative problem-solving strategies

In light of the above, the examination of strategies
becomes particularly relevant when teaching word prob-
lem-solving to students facing difficulties. Some authors
have provided detailed classifications of the strategies
used by TD students when solving multiplicative problems
(Mulligan, 1992). These classifications are based on two
criteria: the degree of abstraction of the procedure used to
calculate and the way in which the elements specific to the
problem statement are used during the resolution process.
Combining these criteria, the following types of strategies
are described by Mulligan (1992), presented in order from
the lowest to the highest level of abstraction,

(1) Direct modeling with counting (modeling, in short):
The student employs concrete objects or drawings to
depict the action described in the problem and utilizes
various counting techniques. For instance, to deter-
mine the total number of apples in 5 trees, each having
4 apples, the student draws five trees and places four
apples in each, subsequently counting the total number
of apples drawn.

(2) Counting without modeling (counting, in short): At
this level, students employ mental counting, addition,
or subtraction without the use of objects or drawings.
Strategies include rhythmic ascending or descending
counts, as demonstrated in the previous problem where
the student finds the answer by expressing, “4-8-12—
16-20.”

(3) Known or derived numerical facts (operation, in short):
addition and multiplication facts are used to reach the
result. For example, in the previous problem, the stu-
dent argues that “4 x4 is 16, and 4 more is 20”.

Research with typically developing children indicates a
progression from informal strategies, such as modeling and
counting, to more formal strategies like resorting to numeri-
cal facts, whereas studies suggest that students with learn-
ing disabilities face challenges in transitioning to advanced
strategies, and exhibit less flexibility in their strategy use
compared to their typically developing peers (Geary et al.,
2004; Mulligan, 1992; Siegler, 2007). In the case of stu-
dents with autism, some recent studies in the last decade
have analyzed problem-solving strategies (Bae, 2013; Goili-
Cervera et al., 2023; Polo-Blanco et al., 2019, 2024). For
instance, Polo-Blanco et al. (2019) showed a preference for
modeling strategies when providing material support to a
student with ASD and intellectual disabilities while solv-
ing EG division problems. Subsequently, Polo-Blanco et al.
(2024) examined the multiplication problem-solving strate-
gies of 26 students diagnosed with ASD without intellectual
disabilities, comparing them to a matched group of 26 stu-
dents without ASD in terms of sex, age, and school (grade
and classroom). Results revealed a higher proportion of
poorer performers in the ASD group, who exhibited lower
strategy abstraction compared to the other ASD peers, with
no such distinctions noted in the non-ASD group. Addi-
tionally, Gofii-Cervera et al. (2023) analyzed the strategies
utilized by 10 students with ASD, some with intellectual
disabilities, aged 8 to 13, when solving EG problems. The
majority of students relied on low-level strategies, such as
counting, with little use of formal multiplication and divi-
sion. Bae's (2013) study, comparing 40 fourth and fifth
graders, revealed that typically developing students outper-
formed those with ASDs in word problem-solving. In stu-
dents with ASD, this performance significantly correlated
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with sentence comprehension, math vocabulary, computa-
tion, and everyday math knowledge. However, the use of
drawing strategies was limited in both groups.

2.2.2 Conceptual model-based approach COMPS

The design of methodologies that foster conceptual under-
standing in the problem-solving process becomes especially
relevant for students with learning difficulties (Jitendra
et al., 2002). One common instructional methodology is
COMPS (Xin, 2012), which incorporates conceptual dia-
grams, explicit instruction, heuristics, and metacognitive
approaches. In particular, COMPS is presented as a compre-
hensive approach that facilitates connections between differ-
ent problem types by utilizing a conceptual diagram model
to determine the arithmetic operations for solving a specific
problem (Xin et al., 2020). In this context, a model refers
to a mathematical representation of the problem, typically
expressed as an expression that provide a pathway to finding
the solution (e.g., “Part] + Part2 = Whole” for group additive
problems, or “Group Rate x Number of Groups = Product”
for EG problems). Table 1 displays conceptual model dia-
grams for the three types of multiplication problems con-
sidered in this study (EG, MC, and CP), along with visual
representations used to further aid in the understanding of
the problems.

The typical teaching sequence using a COMPS approach
shows how to identify the type of model diagram associated
with the problem and represent the quantities and relation-
ships on it. The teacher prompts the student with a series
of connected questions to direct their attention to the three
quantities involved in the problem. For example, in the case
of EG problems, the questions could include “Which part
of the problem provides information about the value of each
group?”’, “which part provides information about the number
of groups?”, or “which part refers to the total or product?”
(see Table 1). The student is prompted to recognize and
complete the model diagram representing the problem situ-
ation, which depicts a multiplicative expression 'AxB=C."
The accompanying words under the boxes aim to help the
student associate the meaning of each number in the problem
statement with its role in the operation. This is crucial for
determining whether the solution involves multiplication or
division. If C is the unknown, the operation is multiplication,
while if A or B is the unknown, the operation is division.
At this stage, the student relies on visual representations of
the problem to connect with the corresponding conceptual
model diagram in order to transform the data in it into the
problem-solving operation (see Table 1).

The use of COMPS to teach multiplication problem-solv-
ing skills to students with learning difficulties has yielded
positive outcomes. Xin et al. (2008) investigated the effects
of teaching problem stories to five fourth- and fifth-grade
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students with mathematics disabilities or those at risk. The
results indicated that the instructional intervention not only
enhanced problem-solving abilities for both additive (group
and compare) and multiplication (EG and MC) problem:s.
More recently, Xin et al. (2020) supplemented a COMPS
approach with a computer tutoring system and achieved
significant performance improvement in solving EG and
MC problems in three third- and fourth-grade students with
learning disabilities.

In the context of Autism Spectrum Disorder, the use
of diagrams and visual aids in the COMPS approach is
expected to enhance conceptual understanding of problem-
solving. Individuals with ASD often excel in visual pro-
cessing (Grandin, 1995), and visual support can alleviate
cognitive demands related to verbal comprehension and
potential working memory limitations (Ozonoff & Schet-
ter, 2007). Garcia-Moya et al. (2022) demonstrated the suc-
cess of COMPS in improving the problem-solving skills of
three 8-year-old students with ASD without intellectual dis-
abilities. Similarly, Polo-Blanco et al. (2022) found positive
outcomes in teaching a 14-year-old student with ASD and
intellectual disabilities various multiplication problem types
using the COMPS approach, leading to improved perfor-
mance and generalization of skills.

3 Methodology

This study adopted an exploratory approach (Yin, 2017) on
the strategies employed when solving multiplicative word
problems by a student with ASD and intellectual disabilities
through the analysis of written problems and video record-
ings of student—teacher interactions during the instructional
process. All sessions, including instruction and test adminis-
tration, were recorded on video. A qualitative methodology
approach was employed to offer a descriptive analysis of the
specific characteristics of problem-solving strategies and a
COMPS approach, with an emphasis on the ASD character-
istics of the student.

3.1 Participant

Peter (pseudonym) is a 14-year-old male diagnosed with
ASD at the age of 6 through clinical evaluations based on
DSM-4 diagnostic criteria. Peter attends a special educa-
tion center since age 10, and displays stereotyped behaviors,
exhibits particular interests, and shows a positive response to
established routines, according to the center's guidance team
report. He has been diagnosed with intellectual disabilities,
with an IQ score of 54 (WISC-V; Wechsler, 2014). In math-
ematics, Peter follows an adapted curriculum dedicating four
hours per week to the subject. He possesses good reading
comprehension skills, although he encounters difficulties
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comprehending certain words. A characteristic of Peter that
was emphasized by his teachers is his fondness and incli-
nation for creating drawings as a means of expressing his
desires and fears, as well as for completing school tasks,
particularly for solving mathematical problems. Prior to
the study, Peter had worked on additive structure problems,
showing the ability to identify the operation (addition or
subtraction) and solve it using number facts. Regarding mul-
tiplicative structure, he had received instruction through EG
problems, which he was able to solve drawing equal groups
for multiplication and performing partitioning strategies for
division. He had neither memorized the multiplication tables
nor received formal instruction on multiplication or divi-
sion algorithms. Consequently, it was deemed an opportune
moment for Peter to expand his comprehension of multipli-
cation and division.

3.2 COMPS instructional approach

Instructional sessions were conducted individually in a dis-
traction-free environment. The instructor had prior experi-
ence in teaching mathematics to the participant. Worksheets
were provided to the student (see Fig. 1) to cover the four
steps proposed in the DOTS list (Xin, 2012). The detailed
sequence for each problem was as follows:

(1) Problem statement and multiplicative model diagram
(detect and organize): The student read the problem inde-
pendently and was guided to place the quantities into the
multiplicative model diagram. A visual representation
was also used to help understand the meaning of the data.

(2) Transform: The student was asked to write the opera-
tion that solved the problem based on the data from the
model diagram.

(3) Solve: The student explicitly wrote the expression of
the operation to be performed and solved it.

Taking into account previous research on problem dif-
ficulty in TD students (Nesher, 1992), our instruction
sequentially introduced EG, MC and CP problems. For each
problem type, multiplication problems (with the total quan-
tity unknown) were introduced first, followed by division
ones (with the unknown in the other positions), and finally,
mixed problems involving either multiplication or division.
The problem statements for each type responded to con-
texts close to the student. The numbers used in the problem
statements implied that the total amount should not exceed
30, since the student had not memorized the multiplication
tables and thus could approach them with informal strate-
gies. The problem data did not contain double factors to
differentiate whether the participant discerned the meaning
of each one at the moment in which he incorporated them
in the model (for instance, “how many”, “how many each”
or “total”).

The instructional sessions with problems followed a
model-lead-test sequence. They began with an explana-
tion from the instructor in the model phase, initially using a
visual representation (see Table 1) to illustrate the problem
and then placing the quantities on the conceptual model dia-
gram. In the lead phase, the student solved various problems
through interaction with the teacher, and in the test phase, he
independently solved problems without the instructor's assis-
tance, serving as assessment tests for the respective session.

3.3 Design and data collection
Table 2 summarizes the sequence of all tests conducted

during the course of the study, indicating in parentheses
the number of problems for each one. These tests evaluate

Fig. 1 Worksheet Following the
DOTS Steps

O

How many

How many in each

Solve

There are 5 planes at the airport, and each plane has 2 engines. -
How many engines are there in total?

Operation (multiplication or division)

= C:) - Detect and Organize

Total

|

— Transform

) \

- Solve
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Table 2 Tests Administered During the Study

Baseline Training EG ~ Post Training EG ~ Training MC  Post Training MC  Training CP  Post Training CP  Maintenance M
EG BI-EG(2) TI-EG#4) PT1-EG(2) PT4-EG(2) PT6-EG(2) M-EG(2)
B2-EG(2) T2-EG@4) PT2-EG(2) PT5-EG(2) PT7-EG(2)
B3-EG(2) T3-EG#4) PT3-EG(2)
B4-EG(2) T4-EG#4)
MC BI-MC(2) B5-MC(2) T5-MC(4) PT4-MC(2) PT6-MC(2) M-MC(2)
B2-MC(2) B6-MC(2) T6-MC(4) PT5-MC(2) PT7-MC(2)
B3-MC(2) B7-MC(2) T7-MC(4)
B4-MC(2) T8-MC(4)
T9-MC(4)
CP BI1-CP(2) B5-CP(2) B8-CP(2) T10-CP(4)  PT6-CP(2) M-CP(2)
B2-CP(2) B6-CP(2) B9-CP(2) T11-CP(4)  PT7-CP(2)
B3-CP(2) B7-CP(2) T12-CP(4)
B4-CP(2) T13-CP(4)

B: Baseline Test; T: Training Test; PT: Post-training Test; M: Maintenance Test

problem-solving skills: prior to the beginning of the instruc-
tion (Baseline tests, Bx-type), during instruction (Train-
ing tests, Tx-type), right after the end of instruction (Post
Training tests, PTx-type) and five weeks after the end of
the instruction (Maintenance tests, M-type). In particular,
during baseline, post-training and maintenance tests, a mul-
tiplication problem and a division problem were posed for
each problem type. During each training test, the student
solved four problems of the same type and operation(s) as
the problems addressed during model and lead phases of the
corresponding training session.

The study commenced with the administration of base-
line tests for the three types of problems (B1-EG to B4-EG,
B1-MC to B4-MC, and B1-CP to B4-CP). After four base-
line sessions, the student initiated the training sessions for
EG problems. Tests T1-EG to T4-EG were conducted at the
end of these sessions. After that, performance with all types
of problems was evaluated again: with EG problems (post-
training tests PT1-EG to PT3-EG) and the remaining types
of problems during baseline (B5-MC to B7-MC and B5-CP
to B7-MC). This was done to observe whether the instruc-
tion of EG problems had an impact on the performance on
MC and CP problems. The next type of problem (MC prob-
lems) was then introduced in the instruction and assessed
at the conclusion of each instructional session with tests
T5-MC to T9-MC. After those sessions, the improvement
in the two types of problems already addressed was con-
firmed with post-training tests (PT4-EG, PT5-EG, PT4-MC,
and PT5-MC), and CP problems continued to be evaluated
during baseline (B8-CP and B9-CP). Subsequently, instruc-
tional sessions of CP problems were conducted, assessed
with training probes T10-CP to T13-CP. After completing
this instruction phase, the three types of problems were
reassessed through post-training tests (PT6-EG, PT7-EG,
PT6-MC, PT7-MC, PT6-CP, and PT7-CP). Finally, a main-
tenance test was conducted for the three problem types to
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observe the retention of the learned skills (M-EG, M-MC
and M-CP). Due to the nature of this methodology, the num-
ber of training sessions conducted for each type of problem
varied. For instance, four sessions were necessary for EG
and CP problems, while MC problems required five sessions
because the student experienced more difficulties.

The analysis of the problem-solving process in the tests
involved examining the student's written responses and the
video recording transcriptions. This examination focused on
understanding the sequential steps undertaken by the student
leading up to his final answer. The evaluation encompassed
both the student’s success and the strategies employed dur-
ing tests, which were systematically coded. Additionally, the
transcriptions of instructional sessions and tests served as a
means to track the instructional process. In the analysis for
the strategies employed for each problem, we considered
the following categories: (1) Success in problem-solving:
a problem was considered correct when both the operation
(multiplication or division) was correctly identified, and
the solution was successfully obtained. Errors related to
division notation, such as the expression “2/8 =4" instead
of the correct “8/2=4,” were not categorized as incorrect;
(2) Strategies employed, which included Modeling, Count-
ing, Operation, and Others (responses without a reason-
able explanation). The use of these strategies may result
in incorrect solutions, and there could be combinations of
strategy operations in conjunction with either modeling or
counting (categorized as Modeling/Operation and Counting/
Operation).

4 Results

In this section, Table 3, 4, and 5 present the types of strat-
egy employed by the student during tests for each of the
three types of problems (EG, MC, and CP, respectively). For
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Table 3 Number of Problems, Success and Strategies for EG Problems

Tests

BI-EG B2-EG B3-EG B4-EG TI-EG T2-EG T3-EG T4-EG PTI-EG PT2-EG PT3-EG PT4-EG PT5-EG PT6-EG PT7-EG M-EG

No of problems

1

No of multiplication

No of division

No of correct strategies

Modeling

Modeling/Operation

Counting/Operation

Operation

No of incorrect strategies

Modeling

Modeling/Operation

Counting/Operation

Operation

better visualization, zero is omitted in the count of incorrect
or correct strategies in these tables.

4.1 Equal group problems

The results for EG problems are summarized in Table 3.
Below is a detailed description of the results in each type
of test.

Baseline test of EG problems Peter demonstrated partial
knowledge of the EG problems in the baseline tests (B1-EG
to B4-EG). The problems that were answered correctly were
the four multiplication problems, using a modeling strategy.
In Fig. 2, two examples are shown, where the student mod-
eled through drawings, subsequently counting (in B1-EG),
and through mental calculation (in B3-EG).

Peter also employed incorrect modeling strategies in
the four division problems, treating them as multiplication
or subtraction problems. This is evident in the case of the
problem shown in the left panel of Fig. 3, where he used a
multiplicative strategy by drawing 24 candies in each of the
4 bags and then counting them. The great size of the collec-
tions led to error in the number of candies drawn in one of
the bags and in the overall count. In the case of the problem
shown in the right panel of Fig. 3, Peter incorrectly modeled
it as a subtraction problem, crossing out 6 objects out of the
24 drawn, as seen in the vertical line he traced on the toys
on the right.

The baseline responses revealed the use of elaborate
drawing-based modeling strategies, a pattern commonly
observed in individuals with ASD (Polo-Blanco et al., 2019,
2024) and notably distinctive in the study participant. He
successfully solved multiplication problems without explic-
itly identifying the operation, but exhibited deficiencies in
conceptual understanding regarding division problems, sug-
gesting challenges in comprehending the given situations.
This might have been influenced by vocabulary related to
equal distribution (e.g., “repartir por igual” in Spanish,
which translates to “distributed equally among”). As men-
tioned before, individuals with ASD often face challenges
associated with language comprehension (American Psy-
chiatric Association, 2013), which, in this instance, might
have led Peter to incorrectly rely on his prior knowledge of
addition or multiplication.

Training on EG problems During the training sessions on
multiplication problems, the instructor guided Peter in con-
necting the visual representation with the model diagram
and identifying the multiplication operation. Peter some-
times correctly solved multiplication problems using the
diagram model and the operation and then proceeded to
create drawings of the situation, which supports his liking
for drawings even if he did not use them for the resolution.
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B1-EG. There are 2 tables in the classroom,

and there are 4 children at each table. How

B3-EG. There are two vases, and each vase has

4 flowers. How many flowers are there in total?

many children are there in total in the

classroom?

Fig.2 Correct Resolution of EG Problems in Baseline Tests

Fig. 3 Incorrect Resolution
of Division EG Problems in
Baseline Tests

B1-EG. I have 24 candies and I distribute them
into 4 bags with an equal number of candies in

each bag. How many candies are in each bag?

B2-EG. In the classroom, there are 24 toys to
be distributed equally among several children.

If each child has received 6 toys, how many

children are there in the class?

To address division problems, the instructor paid special
attention to ensure that Peter understood the vocabulary
associated with division problems, such as “in each” (“en
cada” in Spanish) and “distributed equally” (“repartido por
igual” in Spanish). Subsequently, the focus shifted to Peter
filling in the model diagram, aligning both numbers from the
statement with the corresponding sections in the model dia-
gram to determine the result (e.g., “how many” and “total”
to find “how many in each”), helping identify the division
operation as the inverse of multiplication, and drawing on
his prior knowledge of multiplication. At this point, he was
told to write the word “division” in the operation section and
show the solution in fraction form in the solution section.
This notation was chosen for its simplicity, although xces-
sive emphasis was not placed on this formal aspect.

@ Springer

In the training tests (T1-EG and T4-EG), Peter correctly
solved all the multiplication problems except one, where he
used an additive strategy (left panel of Fig. 4). In TI-EG
test, he employed mixed strategies, modeling/operation and
counting/operation, to arrive at the solutions. In T4-EG, he
abandoned the modeling strategies in favor of stating the
operation. In one problem, he wrote down the result directly
(the right panel of Fig. 4) and in another, he followed a
counting approach, as we observed him moving the pencil
over his fingers. It was difficult to identify the specific strat-
egy he used in those movements to reach the result.

Peter correctly solved all the EG problems involving divi-
sion during the training tests (T2-EG to T4-EG). He used
a correct modeling/operation strategy only once (Fig. 5) to
find the number of passengers in each train car. Specifically,
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T1-EG. There are 4 plates and each plate has 6

beans. How many beans are there in total?

JCLACOD

Cuantos
en cada

44—

Cuantos Total

Operacién (;multiplicacién o divisién?):
\ {
\ \
)\
= X

(

T3-EG. In a field, there are 4 windmills,
and each windmill has 3 blades. How many
blades are there in total?

0O - €

Cuantos

en cada Total

Cuantos

Operacién (zmultiplicaci6n o divisién?):

Resolucién:

Fig.4 Incorrect and Correct Resolution of EG Problems in Training Tests

Elx®@=CO

Cuéntos

en cada Total

Cuéntos

T2-EG. In a train, there are a total of 21 passengers.

many passengers are there in each car?

They are evenly distributed among 3 cars. How

Fig.5 Correct Resolution of an EG Problem in Training Tests

he placed the given data from the problem statement in the
diagram (21 and 3), then drew the train cars and placed
the passengers using a trial-and-error process, erasing and
adding passengers until reaching the solution. Afterwards,
he wrote “7” in the circle, and from the representation in
the diagram, he identified that the operation that solved the
problem was the 21/3 division. Once again, the participant's
preference for drawing is observed, as he created a visual
representation that was coherent with the problem situa-
tion. He relied on this representation to find the value of the
unknown factor, demonstrating a conceptual understanding
of the problem.

To solve the remaining division problems, Peter wrote the
division operation based on the model diagram, reaching the

correct result either directly or through counting strategies,
as indicated by his finger movements. Although it is chal-
lenging to ascertain with certainty due to the quickness of
his counting and the absence of verbalization, we infer from
his prior knowledge that in these latter instances, he would
likely employ multiplicative strategies, adding the divisor
until reaching the dividend.

Post-training tests and maintenance test of eg prob-
lems During the sessions dedicated to the post-training
tests of EG problems (PT1-EG to PT7-EG), Peter correctly
solved 13 out of 14 problems. To arrive at the solution, he
applied operation strategies, sometimes in combination with
modeling in multiplication problems (Fig. 6) and other times

@ Springer
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Fig.6 Correct Resolution of EG
Problems in Post Training Tests

PT6-EG. There are 5 boxes, and in each box, there are 4 balls. How many balls are there in

total?

with counting. The response collected in Fig. 6 shows how
he had integrated the features of the followed instruction,
the generation of a visual representation, the model diagram
(drawn by himself), and the decision of the operation that
solved the problem.

Peter successfully solved the two EG problems in the
maintenance session, employing a modeling strategy for
one multiplication problem and an approach combining
operation and counting for the division problem.

In summary, Peter completed the EG problem sessions
with accurate solutions to multiplication and division prob-
lems. While incorporating the operational strategy, he did
not entirely abandon the modeling strategy in either multipli-
cation or division problems, though it was more frequently
observed in the former. Peter achieved a proper conceptual
understanding in these problems with appropriate strate-
gies, including modeling (with detailed drawings in most
cases) and operational approaches. The results also demon-
strated his assimilation of common vocabulary in division
problems.

4.2 Multiplicative comparison problems
The results for MC problems are summarized in Table 4.

Baseline test of MC problems Peter struggled to understand
the statements of the MC problems during the baseline tests,
leading to incorrect answers for 13 out of the 14 problems.
He employed the same strategies for both multiplication and
division problems. In the first four baseline tests (B1-MC to
B4-MC), Peter employed a modeling strategy, but he inter-
preted the comparison factor as adding the given quantity
(sometimes more than once). This shows a lack of concep-
tual understanding regarding this type of problem, which is
evident both in the modeling he performed and in the opera-
tions he proposed. As shown in the left panel of Fig. 7, Peter
depicted the quantity of Carla’s candies in the left hand of a
character, while in the right hand, he drew the comparison
factor three times, i.e., 3 + 3 + 3 candies. Then, his counting
resulted in an incorrect result of 13 candies. In the subse-
quent tests (B5-MC to B7-MC), conducted after completing
instruction on EG problems, Peter persisted with the same

Fig. 7 Incorrect MC Problems
in Baseline Tests

B3-MC. Carla has 4 candies, and Susana has

3 times as many candies as Carla. How many

candies does Susana have?

B6-MC. Pedro has 14 candies, and Susana has
twice as many candies as Pedro. How many

candies does Susana have?

@ Springer
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strategy but introduced an incorrect additive operation. In
the example shown in the right panel of Fig. 7, he added the
given quantity, 14, to the comparison factor of 2, resulting
in the incorrect answer “16 candies.” Note that, in Spanish,
as in English, additive and multiplicative comparatives are
similar: “dos mas” means “two more,” and “dos veces méas”
means “twice as many.”

Training on MC problems To facilitate the understanding of
the comparative vocabulary (“times as many”), the instructor
used modeling and emphasized the quantities “the one with
more” and “the one with less” in the model diagram. Occa-
sionally, he substituted these with terms such as “double”
or “triple” to enhance comprehension. Initially, he relied
on the visual representation indicated in Table 1 for this
type of problem. Subsequently, the instructor guided Peter
to connect this representation with the model diagram by
underlining the words below the boxes. However, Peter did
not seem to integrate the visual representation and, from the
beginning, skipped this step, moving directly to the model
diagram.

Results from the training tests (T5-MC to T9-MC) dem-
onstrated Peter's ability to connect the problems with multi-
plication or division operations through the model diagram
without relying on visual representations. He successfully
solved 17 out of the 20 problems, employing a strategy of
operation, with and without numerical counting (see left
panel of Fig. 8). In two of them, the error was attributed to a
misinterpretation of the comparison factor using an additive
strategy. For instance, in the problem shown in Fig. 8 (right
panel), Peter interpreted “5 times more” as adding 5+35,
resulting in writing 10 in the “how many times” box of the
diagram. The third incorrect problem was due to a calcula-
tion error (8 X2 =14), the solution to which was obtained
by counting fingers.

Post-training tests and maintenance test of MC problems In
the post-training sessions, Peter solved all the MC problems
using operation strategy and mixed strategies of counting
and operation. He arrived at the correct solution in 7 out of
the 8 problems. Peter correctly solved the two MC problems
in the maintenance session using a mixed strategy of count-
ing and operation.

In summary, Peter demonstrated the acquisition of skills
in solving this type of problems, although the occasional
difficulties observed might still indicate a lack of concep-
tual understanding regarding MC problems, as already
observed in the baseline tests, which might be attributable
to some difficulties inherent to the disorder, like language
comprehension.

4.3 Cartesian product problems
The results for CP problems are summarized in Table 5.

Baseline tests of CP problems Peter answered all the prob-
lems in the baseline tests incorrectly. He encountered diffi-
culties understanding the problem statements, as he provided
responses using one of the numbers given in the problem or
wrote text related to the problem situation, showing a clear
lack of conceptual understanding for these problems. For
instance, in B4-CP (left panel of Fig. 9), he responded with
all possible clothing combinations, mentioning items such as
“pants, shirts, socks, and underwear.” On two occasions, he
employed an additive strategy by adding the numbers given
in the problem statement. One of these instances involved
modeling, as shown in the right panel of Fig. 9 (B1-CP),
where he represented 6 dishes and then added 3 more dishes
before counting all them. In the remaining cases, he did not
answer. We interpret that he did not understand the scenarios

Fig.8 Correct (Left) and Incor-
rect (Right) Resolution of MC
Problems in Training Tests
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T9-MC. Pablo has 6 books. Luis has 3 times more
books than Pablo. How many books does Luis

have?
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T5-MC. Konstan has 3 cars and Carlos has
5 times more cars than Konstan. How

many cars does Carlos have?

Bl ~© - GO

@ Springer



A.Brunoetal.

Fig.9 Incorrect Resolution of
CP Problems in Baseline Tests

C O \
\k \f\ >

B4-CP. How many different ways can I dress
myself with 8 shirts and 3 pants in the

wardrobe?

Phip

B1-CP. In the dining hall of my school, there
are 3 options for the main course and several
options for de side dishes. How many side
dishes are there if 6 different meal

combinations can be made?

outlined in CP problems and tried to address them by either
elucidating contextual non-mathematical aspects, or relying
on his prior additive knowledge.

Training on CP problems For this type of problems, the instruc-
tor began by using the visual representation from Table 1 for CP
problems, depicting the two given sets with arrows to establish
pair combinations, to later help Peter connect it with the model
diagram where the expression “total combinations” appears.
The visual representations motivated the student, although
occasional instructor intervention was needed during the initial
training sessions to correct the diagrams.

As evident from the results in Table 5 (T10-CP to
T13-CP), the instruction was effective, and Peter demon-
strated the use of correct strategies from the first evaluation

session. Figure 10 shows a correct solution from the T13-CP
test. After reading the statement, Peter sketched the let-
ters and added directional arrows. Next, he inscribed the
numbers “4” and “2” onto the diagram before returning to
count the arrows. He finally wrote “multiplication” and, just
beneath it, the correct solution. We interpret that his repre-
sentation of the combinations allowed him to understand
the situation, obtain the result, and ultimately discern the
operation from the model diagram. This exhibits his grasp
of the problem at a conceptual level.

Peter employed the modeling strategy in 12 out of the 16
problems corresponding to the training phase, along with
utilizing the model diagram and setting up the operation for
both multiplication and division problems. He rarely devi-
ated from the modeling approach, except in the two problems

\4.

Cuéntos Cuantos
de de

pﬁfﬂ\

Resolucién

/ \\ ‘\.‘ /

[

T13-CP. I have 4 consonants: r, s, t, v and 2 vowels: a e. How many different syllables can I

make by combining a consonant and a vowel?

Q\\/F

Total de
combinaciones

Fig. 10 Correct Resolution of an MC Problem in Training Tests
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of the T11-CP session, where multiplication was involved
(5%x4=20; 7x2=14), and in two problems of the T12-CP
session, that required division (10/2=35; 6/2=3). The pro-
cess Peter followed in solving the division problems showed
his understanding. For example, in the problem depicted in
Fig. 11, Peter read the statement, wrote an 8 in the “total com-
binations” box, and a 2 in the “how many of”” box of the model
diagram. Subsequently, he drew representations of the two
types of ice cream. Positioning himself to the left of the ice
creams, he drew two arrows towards them. He repeated this
process from three other points until he stopped, presumably
because he had already counted 8 arrows. Then, he circled the
four marked points to represent the ice cream flavours. Peter
completed the model diagram by filling in the number 4 and
wrote the operation and the correct solution (8/2=4). On this
occasion, we could observe Peter's effective interpretation of
the problem statement, as he employed drawings to depict the
situation, which in turn assisted him in establishing a mean-
ingful connection with the necessary operation.

Post-training tests and maintenance test of CP problems In
the four CP problems presented during the post-training test
sessions (PT6-CP and PT7-CP), the student demonstrated
success by employing a mixed modeling and operation strat-
egy. In the subsequent maintenance test session (M-CP),
Peter showed his sustained problem-solving ability while
consistently employing modeling techniques, although he
made a mistake in identifying the operation by writing “mul-
tiplication” in a division problem.

In summary, the instruction on the use of visual represen-
tation as well as the model diagram led to success for Peter
in the case of CP problems. The use of this representation
was noteworthy, likely because he could establish the rela-
tionship between the two sets of data, and the arrows helped
him find the solution. The modeling strategy he employed in

division problems demonstrates a high level of conceptual
understanding of the problems.

5 Discussion and conclusions

We conducted an analysis of an instructional process based
on the COMPS approach for multiplicative problems (EG,
MC and CP) in a student with ASD and intellectual disabili-
ties. The first research question aimed to describe the stu-
dent's problem-solving strategies while following a COMPS
approach, based on Mulligan's classification (1992). Dif-
ferent performances across the three problem types were
observed in the student's responses at the beginning of the
study. In EG problems, he demonstrated a certain level of
understanding through the application of modeling strategies
and counting, while significant comprehension difficulties
were evident in the MC and CP problems. After completing
the COMPS approach, the student successfully solved all
three types of problems, but the strategies employed varied
depending on the type of problem. In EG problems, he dem-
onstrated a conceptual understanding by connecting mode-
ling and operations. A notable improvement was his capacity
to discern and write the operation, both for multiplication
and for division problems. MC problems posed the greatest
challenge for the student during instruction.

The student’s performance could be related to some of the
characteristics of people with ASD, in answer to the second
research question. On one hand, challenges in understanding
key terms, such as "three times as many" (often interpreted
as an additive comparison, i.e., "three more"), may have
impeded the comprehension of the situation, aligning with
suggestions from previous studies involving students with
ASD (Bae, 2013; Polo-Blanco et al., 2019). On the other

Fig. 11 Correct Resolution of a
CP Problem in Training Tests

T13-CP. In the ice cream shop, there are several flavours and 2 types of ice cream. If I can
make 8 different ice cream combinations in total, how many flavours are there?

PILIORICD

Cuantos Cuantos Total de
de de combinaciones
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hand, the inherent complexity of these problems, which
requires students to adopt different perspectives by plac-
ing themselves in the position of two distinct individuals
when comparing quantities, may present challenges related
to theory of mind—a common characteristic in individu-
als with autism (Baron-Cohen et al., 2000). This trait has
been previously linked to problem-solving abilities in indi-
viduals with the disorder (Polo-Blanco et al., 2024; Whalon
& Cox, 2020). Furthermore, in the case of students who
express themselves through drawings, like the participant in
the study, the observation of informal strategies might shed
light on their progression through instruction. As pointed out
by Di Renzo et al. (2017), for students facing challenges in
verbal communication the use of drawings serves as a cru-
cial mode of expression. Previous studies including students
with ASD with intellectual disabilities like the participant of
this study (Goiii-Cervera et al., 2023) and others involving
students with ASD without intellectual disabilities (Polo-
Blanco et al., 2024), have also indicated a preference for
modeling strategies, which contrasts with findings from stud-
ies involving TD students, suggesting a transition away from
modeling towards strategies based on numerical facts around
the age of 8-9 (Ivars & Fernandez, 2016; Mulligan, 1992).

The third research question investigated the elements of
the COMPS approach that contributed to enhancing con-
ceptual understanding across three problem types for a stu-
dent with ASD and intellectual disabilities, particularly in
transitioning to more formal strategies. The results show
that COMPS has adapted well to the specific characteristics
of the student. In particular, it addresses potential deficits
in planning (a type of executive function) by guiding the
problem resolution in steps and helps overcome verbal com-
prehension difficulties by relying on visual representations
and the model diagram. For EG and CP problems (despite
incorporating unfamiliar terminology for Peter in the lat-
ter, such as 'combinations'), the visual representation effec-
tively facilitated his comprehension of the situation from the
beginning, both for multiplication and division problems.
This was evident in the way he connected this representation
with the model diagram, writing the corresponding data in
the diagram, and relying on that to identify the operation and
the solution. Particularly impressive was his use of drawings
with arrows in CP division problems to derive the results.
Previous work has already shown the effectiveness of the
COMPS approach for teaching CP problems to students with
ASD without intellectual disabilities (Garcia-Moya et al.,
2022). In the case of MC problems, the visual representation
used by the instructor might not have been suitable for illus-
trating the context of the MC problems for Peter, leading him
to rely exclusively on the model diagram from the beginning
and use fewer drawing-based strategies.

In summary, our study suggests that the COMPS approach
allows for flexibility, considering individual challenges and the

@ Springer

specific profile of each learner, particularly for students with
ASD. While our observations emerge from the participant in
our study, we believe that this adaptability may be extended
to other students with ASD, which is crucial when integrat-
ing them into mainstream classrooms and addressing diverse
educational needs. Although extensive research has delved into
problem-solving abilities among TD students, there exists still
a notable gap in our understanding regarding students with
intellectual disabilities and/or ASD. Moreover, as emphasized
by Bowman et al. (2019), it is essential to broaden the scope
of mathematics skills imparted to students with intellectual
disabilities, which is generally centered on basic mathemati-
cal skills. This paper directly addresses this need by focusing
on multiplicative problem-solving. Finally, given that research
concerning instructional experiences for students with disabili-
ties relies on case studies, it is imperative to conduct this type
of research across various profiles and settings to broaden our
understanding of students’ capabilities and challenges.

EG: Equal Group; MC: Multiplicative Comparison; CP:
Cartesian Product; (x): Number of Problems
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